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' Abstract 

(N. Generalizing Karoubi's multiplicative K-theory and multiplicative co- 

homology groups for smooth manifolds we define secondary theories and 
■ characteristic classes for smooth etale groupoids. As special cases we 

i j " obtain versions of the groups of differential characters for smooth etale 

, groupoids and for orbifolds. 

•*-> 

Introduction 

In this article we introduce secondary theories and characteristic classes for prin- 
cipal bundles with connections over etale groupoids. In particular, we generalize 
' the multiplicative cohomology groups of Karoubi [Kl], [K2] and the groups of 

Cheeger- Simons differential characters [CS] for smooth manifolds to smooth 
etale groupoids and arbitrary filtrations of the associated simplicial de Rham 
complex and analyse their interplay. By specializing to Deligne's 'filtration bete' 
we obtain generalized versions of Cheeger-Simons differential characters for etale 
groupoids. In the particular case of a proper etale groupoid representing an orb- 
1 ifold we obtain orbifold versions of these secondary theories, which in the case 

of differential characters were studied before by Lupercio and Uribe [LU] us- 
ing the geometric approach of Hopkins and Singer [HS] for the construction of 
generalized differential cohomology theories. 

More generally we are giving a definition of generalized differential characters 
for smooth etale groupoids associated to an arbitrary filtration of the de Rham 
complex, which in the case of the 'filtration bete' gives the classical versions 
of Cheeger and Simons. This more general definition allows to construct an 
explicit map on the levels of cocycles between multiplicative cohomology and 
these generalized differential characters. It follows that these general groups of 
multiplicative cohomology are the natural places for constructing and analysing 
secondary characteristic classes for principal bundles with connections on etale 
groupoids. In general such principal bundles, in contrast with the case of smooth 
manifolds, might not always admit connections, but in the important case for 
example of principal bundles over proper etale groupoids, which are groupoids 
representing orbifolds, such connections always exist. 
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In the first section we will give an overview of the basic elements of de Rham 
and Chern-Weil theory for smooth etale groupoids following [LTX]. In the fol- 
lowing section we define multiplicative cohomology and generalized differential 
characters for smooth etale groupoids and study their main properties. We will 
make explicit use here of the simplicial machinery as developed in [FN], but 
for the convenience of the reader we will recall many of the details. This was 
in part influenced by the work of Dupont [Dl], [D2] and Dupont-Hain-Zucker 
[DHZ]. In the third section we introduce multiplicative bundles and versions 
of multiplicative if-theory for smooth etale groupoids. In the final section we 
then construct characteristic classes of elements in multiplicative i^-theory for 
smooth etale groupoids with values in the groups of multiplicative cohomology 
and generalized differential characters. 

In a sequel to this article we aim to study the relationship between our 
generalized groups of multiplicative cohomology and smooth Deligne cohomol- 
ogy for etale groupoids and to construct in a unifying way secondary theories 
and characteristic classes for principal bundles over orbifolds, foliations and dif- 
ferentiable stacks. Versions of smooth Deligne cohomology for particular etale 
groupoids were also studied before, for example in the case of particular orbifold 
groupoids by Lupercio-Uribe [LU] and for general transformation groupoids by 
Gomi [Go]. It will be interesting to analyse if these secondary theories and 
characteristic classes could be also defined in the context of algebraic geometry, 
for example in order to extend algebraic differential characters as introduced 
and studied by Esnault [El], [E2] to smooth Deligne-Mumford stacks. Real 
Deligne cohomology groups of proper smooth Deligne-Mumford stacks over the 
complex numbers C appear also in the context of arithmetic intersection theory 
on Deligne-Mumford stacks as introduced recently by Gillet [Gi]. 

Acknowledgements. This work was initiated while the second author was visiting 
the Tata Institute of Fundamental Research in Mumbai. He likes to thank Prof. 
N. Nitsure for the kind invitation. He also acknowledges financial support by 
the London Mathematical Society and the University of Leicester. 

1 Elements of Chern-Weil theory for etale 
groupoids 

Let us recall the main ingredients of de Rham and Chern-Weil theory for etale 
groupoids. We will be following here the simplicial approach of [DHZ] and [FN]. 
For the general theory of etale groupoids and their Chern-Weil theory we refer 
the reader to [LTX] and [CM1]. We will restrict ourselves in this note to the case 
of etale groupoids, but many of the concepts and constructions can be derived 
also in more general contexts. 

Let <S = [&1 =t %] be a smooth etale groupoid, this means that all structure 
maps of 

are local diffcomorphisms with ^b,S^i smooth manifolds, m the composition 
map, i the inverse, e the identity and s,t the source and target maps. 
If in addition, the anchor map 

(s,t) :^^%x% 
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is proper, the groupoid 'S is called a proper smooth etale groupoid. Each proper 
smooth etale groupoid represents an orbifold [M] and therefore the concepts and 
constructions presented in this note have direct applications to orbifolds. 

Associated to any smooth etale groupoid = [^1 is a canonical 

smooth simplicial manifold Sf. = {& n }, where for each n > 

% = &i Xt,&o,s ><t,Wo,s &i (n factors) 

is the smooth manifold consisting of all composable n-tuples together with the 
canonical smooth face and degeneracy maps 

&i '■ &n ^ ^n—li Vi ■ ^ ^n+l 

for < i < n such that the usual simplicial identities hold (see [S], [Dl]). In 
other words, is a simplicial object in the category of smooth manifolds. 

To the simplicial smooth manifold Sf, we can furthermore associate a sim- 
plicial space its fat realization, defined as the quotient space 

||?.|| = ]J (A™ x <*„)/- 

n>0 

where the equivalence relation is generated by 

(e 1 x id)(t,x) ~ (id x Si)(t,x) 

for any (t, ar) G A™ -1 x Sf n . 

A fundamental concept for etale groupoids is that of Morita equivalence. 
Basically a Morita equivalence class of etale groupoids defines a diffcrcntiable 
stack. Let us very briefly recall the main constructions here. We start with the 
definition of generalized homomorphisms between etale groupoids. 

Definition 1.1. A generalized homomorphism (f> := (Z,a,r) between etale 
groupoids ^ = [^i =3 %] and Jf? = [M{ =} J#b] is given by a smooth manifold 
Z, two smooth maps <Sq Z Mq, a left action of Sfi with respect to r, a 
right action of M\ with respect to a, such that the two actions commute, and 
Z is an ^-principal bundle over 

Two generalized homomorphisms cf>i := (Zi,ai,n) and </>2 := (Z2, 02,72) 
from Sf to J4? are called equivalent if there is an Sfi-^^L-equivariant diffeo- 
morphism ip : Z\ Z2- Composition of generalized homomorphisms is de- 
fined as follows: if : % <^ Z A is a generalized homomorphism from 

S? = Sf ] to JT = =4 ^o] and 0' : Z' ^ JT a generalized ho- 

momorphism from JiC = =4 Mq\ to = [J(f\ =$ J£o] , then the composition 
(f> o 0' : <- Z" -> JT defined by 

Z" = Z xjft Z' := (Z x ffi ^ 0ir , Z')/(z,z') ~ (zh,hT x z') 

is a generalized homomorphism from <S = [Sfi =t %] to J?T = [J^i =4 J^o] . The 
composition of equivalence classes of generalized homomorphisms is also asso- 
ciative and we get the category Qrp of etale groupoids, whose objects are etale 
groupoids and whose morphisms arc generalized homomorphisms. The isomor- 
phisms in this category Qrp are called Morita equivalences and it follows that 
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any generalized homomorphism of etale groupoids can be decomposed as the 
composition of a Morita equivalence and a strict homomorphism of groupoids. 
The category Qr-p\M\~ x obtained from Qrp via localizing with respect to Morita 
equivalences gives the category of differentiable stacks, i.e. a diffcrcntiable stack 
can be thought of as a Morita equivalence class of an etale groupoid [Pr] . 

Let us now recall the basic ingredients of de Rham and Chern-Weil theory 
for etale groupoids using the approach in [DHZ] and [FN] for simplicial smooth 
manifolds. Working simplicially, there are in fact two versions of the de Rham 
and singular complexes we can associate to an etale groupoid Sf = =t %] 
using the associated simplicial smooth manifold Sf.. 

The de Rham complex of compatible forms. A simplicial smooth 
complex fc-form ui on ^. is a sequence {a/™)} of smooth complex fc-forms a/ n ) G 
Q dR (A n x 5f„) satisfying the compatibility condition 

(e l x id)*ujW = (id x e,)*^"- 1 ) 

in ft^A"" 1 x Sf„) for all < i < n and all n > 1. Let Q% R (&.) be the set 
of all simplicial smooth complex fc-forms on Sf.. The exterior differential on 
O^fA" x Sf„) induces an exterior differential d on fiJj^S?.). We denote by 
(Q dR (&,),d) the de Rham complex of compatible forms. 

We note that {ft dR {@»), d) is given as the total complex of a double complex 
(Q*£(Sf.),d',d") with 

r+s—k 

and d = d' + d", where ^J R (^») is the vector space of (r + s)-forms, which when 
restricted to A™ x are locally of the form 

w|a"xs?„ ••' -3 nl - A --- d ^r Adarj-j Adx js , 

where (to,...,t n ) are barycentric coordinates of A™ and the {xj} are local 
coordinates of J#„. Furthermore the differentials d' and d" arc the exterior 
differentials on A" and ^„ respectively. 

Note that uj = {a/™)} gives a smooth fc-form on 

U( A " 

n>0 

and the compatible condition is precisely what is needed to define a form on the 
fat realization \ \^,\ \ of Sf.. 

The simplicial de Rham complex. The de Rham complex (A* dR (^ % ) , 8) 
of ^. is given as the total complex of a double complex (A* dR (^,), 5', 5") with 

ArW.) = 

r+s—k 

and S = S' + S", where A dR (&,) — VL dR C^ r ) is the set of smooth complex s-forms 
on the smooth manifold & r . Furthermore the differential 

5":A r J R (&.)^A r J R +1 (&.) 
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is the exterior differential on £l dR (@ r ) and the differential 
is defined as the alternating sum 

= £(-!)*<*■ 

i=0 

The simplicial singular cochain complex. Given a commutative ring 
R we can also associate a singular cochain complex (S*(Sf.;i?), d) to Sf.. It is 
defined as a double complex (S*'*{&.;R),d',d") with 

S k (^.;R)= S r ' s (&.;R) 

r+s—k 

and d = d' + d" , where 

S r < s {&.;R) = S S (%;R) 

is the set of singular cochains of degree s on the smooth manifold @ r . 
There is an integration map 

l:A r dR (%)^S r ' s (%;C) 

which gives a morphism of double complexes and Dupont's general version of 
the de Rham theorem (see [D2], Proposition 6.1) shows that this integration 
map induces natural isomorphisms 

H*(A* dR (^.,S))^H*(S*(^.,C),d)^H*(\\^.\\;C). 

From Stokes' theorem it follows that there is also morphism of complexes 

J:n dR (>#.),d)^(A dR (&.),S) 

defined on fl dR (A n x by integration over the simplex A" 

J A" 

This morphism is in fact a quasi-isomorphism (see [Dl], Theorem 2.3 and Corol- 
lary 2.8), i.e. we have 

H%n* dR (^),d)^H*(A* dR (^.),S)^H*(\nC). 

The singular cochain complex of compatible cochains. Let R be a 

commutative ring. A compatible singular cochain c on ^. is a sequence {c^} 
of cochains s S k (A n x Sf„;i?) satisfying the compatibility condition 

(e 4 x id)* C W = (id x ej)*^"- 1 ) 

in S fc (A"- 1 x Sf n ) for all < i < n and all n > 1. Let C k (%; R) be the set of all 
compatible singular cochains on Sf. and (C*(5f,; R), d) be the singular cochain 
complex of compatible cochains. 
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The natural inclusion of cochain complexes 

(C*(&.;R),d) -> (S*(&.;R),d) 

is a quasi- isomorphism [DHZ]. 

Integrating forms preserves the compatibility conditions and therefore we 
get an induced map of complexes [DHZ] 

fitting into a commutative diagram 

— C*(Sf.;C) 

J 

and which is again a quasi-isomorphism, i.e. we have 

ff*(^ii(^),d) = J ff*(C*(^.;C),5). 

We call H dR (Sf. ) := H*(Q.* dR (& 9 , d)) the de Rham cohomology of the groupoid 
Sf and H*{^.,R) := H*(C*(&.;R),d) the singular cohomology of Sf. De Rham 
and singular cohomology behave well with respect to Morita equivalence of etale 
groupoids and are therefore well-defined invariants for differentiable stacks (see 
[Bl], Def. 9. or [LTX], 3.1). 

Proposition 1.2. Let R be a commutative ring. If Sf = [^i %] and 

= \,¥f\ =X Mq] are etale groupoids which are Morita equivalent, then we 
have isomorphisms 

H k R (%) 4 H k R {J^), and H k {^.,R) 4 H k (J?.,R). 

Proof. That the simplicial de Rham and singular complexes of Morita equiva- 
lent etale groupoids give isomorphic cohomology groups is well-known (see for 
example [TXL], Prop. 2.15, [Bl] or [CM1]). The above quasi-isomorphisms be- 
tween the respective complexes of simplicial and compatible forms and cochains 
then give the desired result. □ 

Example 1.3. If = [M =4 M] is just a smooth manifold M, then the de 
Rham cohomology and singular cohomology groups of Sf are just the ones for 
smooth manifolds. Indeed, if {Ui} is an open covering of M and Jj 4 Ui — > M 
the etale map, then the etale groupoid V — . Ui D Uj =4 ]J i Ui] is Morita 
equivalent to Sf and H^ R (T.) = H dR (M). 

Example 1.4. Let G be a compact Lie group. If Sf = [G x M =4 M] is the 
transformation groupoid, then H dR {&.) and H*(&,,R) are the G-equivariant 
de Rham and Borel cohomology groups of M. 

Example 1.5. Let & = [@i %] be a proper etale groupoid represent- 
ing an orbifold and let A(Sf) be the associated inertia groupoid, i. e. the 
transformation groupoid A(&) = [O(^) xi <S =X fi(Sf)] in which we denote by 
fi(^) = {g £ &i\s(g) = t(g)} the manifold of closed loops. Then H* dR (A(&).) 
and H*(A(@),,R) are the associated orbifold cohomology groups. 
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In these examples we could have either used the simplicial or compatible 
complexes of . We will use the compatible de Rham and cochain complexes to 
define generalized versions of Karoubi's multiplicative cohomology and Cheeger- 
Simons differential characters for a given etale groupoid . 

Finally we recall the basic aspects of Chern-Weil theory for etale groupoids 
as developed in [LTX]. 

Principal G-bundles over etale groupoids. Let G be a Lie group with 
Lie algebra g and Sf = [&i %] be an etale groupoid. A principal G-bundle 

over consists of a (right) G-bundle P A % over the smooth manifold Sfo 
such that the groupoid <S acts on P 4 % and this action commutes with the 
G-action (see [LTX], Def. 2.2). 

It turns out, that the category of principal G-bundles over an etale groupoid 
Sf = =4 Sfo] is equivalent to the category of principal G-bundles over the 
simplicial smooth manifold Sf, (see [LTX], Prop. 2.4). Here a principal G- 
bundle over is given by a simplicial smooth manifold P, and a morphism 
7T. : P. — > Sf. of simplicial smooth manifolds, such that 

(i) for each n the map 7r p : P„ — > ^„ is a principal G-bundle over £f ra 

(ii) for each morphism / : [m] — > [n] of the simplex category A the induced 
map /* : P n — > P m is a morphism of G-bundles, i.e. we have a commuta- 
tive diagram 

f" 

1 n 1 m 

The last condition is just saying that the degeneracy and face maps are mor- 
phisms of principal G-bundles. 

It follows also, that if n, : P. — > is a principal G-bundle over then 
|tt.| : | P. | — > is a principal G-bundle with G-action induced by 

A°xP„xG4A"x P„, (t,x, 5 ) ^ (t,xg). 

It can be shown that the category of principal G-bundles over an etale 
groupoid = \S\ =4 ^b] is equivalent to the category of generalized homo- 
morphisms from \S\ =4 Sfo] to the groupoid [G =4 •] and therefore if and 
S?' are Morita equivalent etale groupoids, there is an equivalence of categories 
of principal G-bundles over Sf and S?' (sec [LTX], Prop. 2.11 and Cor 2.12). 
There is also a well-defined notion of pull-back of principal G-bundles over etale 
groupoids along generalized homomorphisms. 

Connections and curvature for principal G-bundles. Let G be a 

Lie group with Lie algebra q. Furthermore let ^ = [&i =4 %] be an etale 
groupoid and P A % be a principal G-bundle over & . Following [LTX], 3.2 we 
consider pseudo-connection and pseudo-curvature forms for principal G-bundles 
over etale groupoids. A pseudo-connection is a connection 1-form 6 G Q,\ r {P)®q 
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of the G-bundle P A- % (ignoring the groupoid action). The total pseudo- 
curvature is a 2-form fitotai S tfrniQ*) ® S defined as 

o total = ^ + i[^,^] = ^ + n 

where f2 = 0] £ Q^ fl (P)(g)0 is the curvature form corresponding to 9 and 

Q = Sfi x s ,^ ,7r P. The total pseudo-curvature fitotai has therefore two terms. 
The first term d9 := s*9—t*9 is a g- valued 1-form on Q and the second term is 
a 0- valued 2-form on P. Both terms are of total degree 2 in the double complex 
f2*(G/ # ) 00. As for connections on principal G-bundles on smooth manifolds the 
pseudo-curvature also satisfies a Bianchi type identity (see [LTX], Prop. 3.3). 

A pseudo-connection e Q dR (P) <g> g is called a connection if 90 = and 
in this case Sltotai = f2 € ^^(-P) ® is called the curvature. A connection 
6> is said to be a flat connection if its curvature O vanishes. A necessary and 
sufficient condition for a pseudo-connection 6 to be a connection is that 6 is a 
basic form with respect to the action of the pseudo-group of local bisections of 
the groupoid Sf = [Sfi =t %] (see [LTX], Prop. 3.6). 

In general, in contrast to pseudo-connections, connections for principal G- 
bundles over etale groupoids might not always exist as is shown by the example 
of the groupoid [G =X •], where G is a Lie group. The map G — > ■ can be 
considered as a principal G-bundle over [G =4 •] , where the groupoid acts on G 
by left translations. But connections can only exist if G is a discrete group (see 
[LTX], Example 3.12). 

As for manifolds connections behave well with respect to pull-backs under 
generalized homomorphisms of etale groupoids. If *S and Sf' are Morita equiva- 
lent groupoids, there is an equivalence of categories of principal G-bundles with 
connections over <S and Sf'. Similarly there is an equivalence of categories of 
principal G-bundles with flat connections over and S?'. Therefore, one can 
also speak of connections and flat connections of principal G-bundles over dif- 
fcrcntiable stacks, though connections might not always exist. The groupoid 
example above corresponds to the classifying stack SSG of the Lie group G and 
so principal G-bundles over £$G don't have connections unless G is a discrete 
group. But we note the following important case where connections do exist 
[LTX], Theorem 3.16: 

Proposition 1.6. Let G be a Lie group. Any principal G-bundle over a proper 
etale groupoid <S admits a connection. In particular, principal G-bundles over 
orbifolds admit a connection. 

Using the correspondence between the category of principal G-bundles over 
an etale groupoid Sf = [^i =$ %] with the category of principal G-bundlcs 
over the associated simplicial smooth manifold Sf. a connection 6 on a principal 
G-bundle over Sf corresponds to a connection, also be denoted by 8, on the 
principal G-bundle 7r. : P, — > over the associated simplicial smooth manifold 

i. e. a G-invariant 1-form in the de Rham complex of compatible forms 

9en dR (P.)® 9 

taking values in the Lie algebra g of G, on which G acts via the adjoint repre- 
sentation, such that for each n the restriction 

0<"> =0|a»xp„, 
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is a connection on the bundle 7r„ : A™ x P n — > A" x Sf„. In this way 8 = {8^} 
can as well be interpreted as a sequence of g-valued compatible 1-forms. 

The curvature Q. of a connection form 8 is then given as the differential form 

n = d8 + ^[8,8] efi^sf.)®* 

The behaviour of connection forms under invariant polynomials with respect 
to the Chern-Weil map for the associated simplicial smooth manifold is given 
as follows (see [Dl], Proposition 3.7) 

Theorem 1.7. Let G be a Lie group and <& be an invariant polynomial. The 
differential form 6 £l* dR (P.) is a closed form and descends to a closed 

form in and its cohomology class represents the image of the class <J> G 

H*(BG;C) under the Chern-Weil map H*{BG;C) -> H*(\\&.\\; C) associated 
to the principal G-bundle ir, : P, — > where BG is the classifying space of G. 

We will denote the associated form in Q,* dR (f£,) also by $(#). When defining 
characteristic classes it is necessary that given any connection on a principal 
bundle, we can construct a connection on (a model of) the universal bundle 
that pulls back to the given one. This follows from the following theorem: 

Theorem 1.8. Let G be a Lie group and & = [&i Sf ] be an etale groupoid. 
Let P A % be a principal G-bundle over Sf with connection. Then there exists 
a bisimplicial smooth manifold B m , of the homotopy type of the classifying space 
BG and a G-principal bundle U % , — > B %% with a connection Qjj,, £ 
and a morphism (^,tp) of G -bundles 



P. 



U„ 



B.. 



such that y*{6u..) = 8. 

Proof. This is basically [FN], Theorem 1.2, (for principal GL n (C)-bundles this 
can also be found in [DHZ], Prop. 6.15.) using Chern-Weil theory for bisim- 
plicial smooth manifolds and the categorical correspondence between principal 
G-bundles over an etale groupoid Sf and principal G-bundles over the associated 
simplicial smooth manifold □ 



2 Multiplicative Cohomology and Differential 
Characters for etale groupoids 

In this section we will construct general versions of Karoubi's multiplicative 
cohomology and Cheeger-Simons differential characters for etale groupoids with 
respect to any given filtration of the de Rham complex. We will closely follow 
the approach for simplicial smooth manifolds as described in [FN] and for the 
convenience of the reader will recall the necessary constructions and concepts. 
As a special case with respect to the 'filtration bete' we will also recover the 
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group of Cheeger-Simons differential characters for etale groupoids as discussed 
in [LU]. 

For a given complex of abelian groups C* let a> p C* denote the filtration 
via truncation in degrees below p and similarly let a <p C* denote the truncation 
of C* in degrees greater or equal p. We will first consider the special case of 
Deligne's 'filtration bete' [De] for the de Rham complex W dR C3.) of a smooth 
etale groupoid <S '. The 'filtration bete' a = {o~> p fl dR C&,)} is given via truncation 
in degrees below p 



We define the group of Cheeger-Simons differential characters as follows: 

Definition 2.1. Let be a smooth etale groupoid and A be a subgroup of C. 
The group of (mod A) differential characters of degree k ofS is given by 



Now let F = {F r ft dR (&,)} be any given filtration of the de Rham complex. 
We define the multiplicative cohomology groups of Sf with respect to F as 
follows: 

Definition 2.2. Let Sf be a smooth etale groupoid, A be a subgroup of C 
and F = {F r fl dR (^,)} be a filtration of fi^(Sf.). The groups of multiplicative 
cohomology of <S associated to the filtration F are given by 



MH?(9.;A;F) = H 2r - n (cone(C*(&.;A)®F r n* dR (&.) -> C*(Sf.;C))). 



If the etale groupoid = [M =4 M] is just a smooth manifold M as in 
Example 1.3, we recover the multiplicative cohomology groups of Karoubi [Kl], 
[K2] and we have MH^ r (M; A; F) = MH* r (&.; A; F). If G is a compact Lie 
group and Sf = [G x M =4 M] a transformation groupoid as in Example 1.4, we 
will get equivariant versions of multiplicative cohomology. If <S is a proper etale 
groupoid representing an orbifold as in Example 1.5, then the groups of multi- 
plicative cohomology of the associated inertia groupoid MH^ r (A(G),; A; F) are 
the corresponding orbifold versions of multiplicative cohomology. 

Using similar arguments as in [TXL] , 2.1 it is possible to show that the groups 
of multiplicative cohomology of etale groupoids behave well with respect to 
generalized homomorphisms and Morita equivalence and under mild conditions 
therefore will give interesting invariants for differentiable stacks and orbifolds, 
which we aim to study in detail in a follow-up article. A main aspect here will 
be to relate them to versions of smooth Deligne cohomology for differentiable 
stacks and orbifolds. 

We also introduce here a more general version of differential characters for 
etale groupoids associated to any given filtration of the de Rham complex. For 
smooth manifolds these invariants were studied systematically by the first au- 
thor in [F]. 

Definition 2.3. Let Sf be a smooth etale groupoid, A be a subgroup of C 
and F = {F r Q* dR {y,)} be a filtration of Vt dR {^,). The groups of differential 
characters ( mod A) of degree k ofS associated to the filtration F are given by 




H k -\9.;C/\) = H k (cone(a> k n* dR (%) -> C*(Sf.; C/A))). 



H*- 1 A; F) = H k (cone(a> k F r n dR (&.) C*(Sf.; C/A))). 
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If T is Deligne's 'filtration bete' of Vl* dR ( ( ^,) 1 we recover the ordinary groups 
of differential characters of Sf as in Definition 2.1. And again as with the more 
general groups of multiplicative cohomology, looking at the etale groupoids in 
Examples 1.3-1.5 we will recover the classical Chccgcr-Simons differential char- 
acters [CS] in the case of smooth manifolds, equivariant versions in the case of a 
transformation groupoid [Ge] and in the case of a proper etale groupoid orbifold 
versions of differential characters associated to the inertia groupoid [LU] . 

The following theorem generalizes [F], Theorem 2.3 for smooth manifolds: 

Theorem 2.4. Let Sf be a smooth etale groupoid, A be a subgroup of C and 
T = {FTt dR (&,)} be a filtration offl dR (^,). There exists a surjective map 

H : J^r-n-i^. C / A . j-) MHl r {y.;k- F) 

whose kernel is the group of forms in F r Q, d T R n ~ 1 modulo those forms that 
are closed and whose complex cohomology class is the image of a class in H* (fS, ; A) 

Proof: We denote by A(F r ) and B(F r ) the cone complexes used in the def- 
inition of the groups of differential characters and multiplicative cohomology 
associated to the filtration J 7 , i.e. 

A(F r ) = cone(or> k F r n dR (&.) C*(Sf.;C/A)) 

B(F r ) = cone(C*(%; A) ® F r n* dR (%) -> CT (&.;€)) 
There is a quasi-isomorphism between the cone complexes 

cone(o-> k F r n* dR (&.) C*(Sf.;C/A)) 

cone(C*(^.; A) © a> fc F r ^(^.) C*(Sf.;C)) 

and we get a short exact sequence of complexes 

-> B(F r ) ^fcF^^^.) -> 

where <r < fc denotes truncation in degrees greater or equal to k. Everything 
follows now from the long exact sequence in cohomology associated to this short 
exact sequences of complexes, because for k = 2r — n the cohomology group 
H 2r - n (a <2r - n F r n* R (%)) is trivial. □ 
We can also identify the Cheeger-Simons differential characters with multi- 
plicative cohomology groups in the following way 

Corollary 2.5. Let ( S be a smooth etale groupoid and A be a subgroup of C. 
There is an isomorphism 

TT- 1 ^.; C/A) ^ MHl r (%-K- a) 

Proof. This is a direct consequence of Theorem 2.4 for the case n = r and the 
filtration T is just Deligne's 'filtration bete' □ 
Similarly as for smooth manifolds, it can be shown that the multiplicative 
cohomology groups for smooth etale groupoids fit into a long exact sequence 
(compare [K3]). 

...-»• H 2r ~ n -\\ |Sf.||; A) H 2r - n -\n dR (^/F r n dR (^))) 

MH 2r (%;A;T) ^ ... 

Following from the above it can be shown as in [CS] that the groups of 
differential characters also fit into short exact sequences. 
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3 Multiplicative K-theory for etale groupoids 



Let ^ = [^i =fc %] be an etale groupoid. Further let G be a Lie group with 
Lie algebra g. Assume we are given a principal G-bundle on C S with connection 
forms 6*o, • • • , 9 q giving associated connection forms 9q, . . . , 9 q on the principal 
G-bundle n, : P. ->■ i.e. 

such that for all p and all < j < q 

i.e. the restrictions 0^ are connections on the bundle 

A p xPp4A p x Sf p . 
Fix q and let A 9 be the standard simplex in R 9+1 parametrized by coordinates 

(s , . . .,S q ). 

Lemma 3.1. The form J2j=o ®3 S 3 defines a connection on the pullback bundle 
tt*P. -> Sf. x A 9 , w/iere 7r : ^. x A 9 -)■ Sf. is ffte projection. 

Proof. For each m the sum (X^j=o ®j s j)^ = Sj=o ^"^j * s a connection on 
the bundle 

A m xP m xAMA m xix A 9 . 

We have to verify that the compatibility conditions hold. The strict simplicial 
structure on x A 9 is given by the maps e- = Si x id\ q for all i, where £j is 
the map given by the simplicial structure on C S % . We have 

9 9 



3=0 3=0 



since the forms S s, are in 



^ fl (A m x P m ;g)®n° dR (A q ) C ^ fl (A m x P m x A 9 ). 
Now, since the 9j satisfy the compatibility conditions we have 



9 9 

J- 



5>< X id» ra )*0f% = ^(id^-x X £i )*fl} m " 1)a . 
3=0 j=0 



As before we have 

9 9 

2(id A m-i x e i )*9 { ™- 1) s j = {id Am -i x £-)*(^^ (ro_1) ^), 

which proves the lemma □ 
Given an invariant polynomial $ of degree k, we denote by 

Q q ($;9 ,...,9 q )eflf R (&. xA 9 ) 
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the characteristic form on Sf. associated to $ for the curvature of the connection 
^2'j = o0jSj. Whenever $ is understood, we will omit it from the notation for 
the above form. The closed form <d q (0Q, . . . , 8 q ) is a family of compatible closed 
forms 

e(™»(«o,.J,)e^(A m x^xA«). 
We define a form & q (0 , . . . ,9 q ) £ £l 2 d k R q { ( 3,) by integration 

<d q (9 , . . . , 6 q ) = / & q (0 , . . . ,8 q ), 
J A? 

i.e. Q q (6o, . . . ,6 q ) is the family of forms 

Q q m \e ,...,e q ) = [ e q m \e ,...,e q ). 

J Ai 

These forms satisfy the compatibility conditions since the diagram 



(e'xid^xA*)* 



A") 



Jag 



(e'xid» ro )* 



m— 1 



.) 



(id. 



A m-1 



X£i)* 



0^(A— 1 x Sf m _! x A") J -^— ^(A"- 1 x Sf m _i) 

commutes and the forms Q q m ^ (8o, ■ ■ ■ , g ) £ Cl 2 , R (A m A 9 ) are compatible. 

If we denote by t the variables on the simplices A p , by x the variables on 
the smooth manifolds Sf p and by s the variables on the simplex A 9 , then we 
can write the differential on the complex Ct dR (A g x Sf.) as d = d s + d tjX , where 
d tjK is the differential of the complex VL* dR C^ m ). Since Q q (6o, ...,9 g ) is closed, 
we have 

dt, x 6 ? (#0i • ■ • > # 9 ) = -d s 9 9 (0 o , • ■ • , 



Then we have 



dt, x 6 9 (0o, • • • , e q ) = d t . x [ G q (6 , ...,0 q ) = 

JAi 



-I 

J Ai 



dt,x©g(#0, ■ ■ ■ , Oq 



JAi 



e q (6o,...,8q). 



By Stokes' theorem the last integral is equal to — J dAq Q g (do, . . . ,9 g ), so we 
have proven the analogue of Theorem 3.3 in [K2] for smooth etale groupoids: 

Proposition 3.2. Let & be a smooth etale groupoid. In the de Rham complex 
^1r(^») °f compatible forms we have 

de q (8 , ...,e q ) = - J2(-iY® q -i(6o, ...A,... e g ). 

i=0 
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In particular, for q = 1 we have that if given any two connections 9q an d 9\ 
on P. and an invariant polynomial $, we can write canonically 

$(0i)-$(0o) = dei($;0 o ,0i). 

Write a formal series of invariant polynomials $ as a sum ^ r $ r with <£> r a 
homogeneous polynomial of degree r (see [K2],[K3]). Let T — {F r £l* dR { < 3,)} be 
again a filtration of the de Rham complex of Sf. and 

u) = ^uv, 77 = ^?7 r 

r r 

be formal sums of forms in Sl* dR (&») (note that we do not require that uj r is of 
degree r, actually most of the times this will not be the case). We will write 
lj = 77 mod J 7 if and only if for each r we have 

w r -r) r eF r n* dR (&.). (3.1) 

We will also write to = 77 mod .F when for each r the above equation is satisfied 
modulo exact forms. We will not distinguish between an invariant polynomial 
or a formal series in what follows, writing just $ and to also for formal sums. 
Let us define the notion of a multiplicative bundle: 

Definition 3.3. Let ^ be a smooth etale groupoid and $ be an invariant 
polynomial (or a formal series) and T = {F r rt dR ('S t )} be a filtration of the de 
Rham complex of Sf . An (J 7 , $) -multiplicative bundle over's is a triple (P., 9, u) 
where P. is a principal G-bundle over is a connection on P. and cj is a 
formal series of forms in ^l* dR {^,) such that 

$(0) = du> mod J". 

An isomorphism f : (P,,0, u) — > (P^,6', u') between two multiplicative bundles 
over is an isomorphism / of the underlying bundles P. , P' % such that 

lj'-oj = e 1 (e,f*e') mod f. 

It follows as in [K2] that this defines an equivalence relation on multiplicative 
bundles, so we can make the following definition: 

Definition 3.4. Let & be a smooth etale groupoid. The set Mif*(^,; J) of 

isomorphism classes of (J 7 , $)-multiplicative bundles is called the multiplicative 
K-theory of 'S with respect to (J 7 , $). 

If there is no risk of ambiguity, we will omit $ and T from the notation. 

4 Characteristic classes for secondary theories 
associated to etale groupoids 

Let G be a Lie group with Lie algebra g. Given a principal G-bundle with 
a connection 9 on the simplicial smooth manifold Sf. associated to an etale 
groupoid and an invariant polynomial $ of homogeneous degree k we will 
associate characteristic classes with values in multiplicative cohomology groups 
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and in groups of differential characters of associated to any filtration T of 
the simplicial de Rham complex fi^(Sf.). This generalizes Karoubi's secondary 
characteristic classes as constructed in [K2] to smooth etale groupoids. An 
approach with a somehow similar flavour can also be found in [CM2]. 

Let T = {F r £l* dR { < 3,)} be a filtration of the de Rham complex of Sf and 
T = (P., 6, rj) a (J 7 , <£>)-multiplicative bundle over <S . 

The connection 9 on the principal G-bundle 7r. is given as a 1-form 

The characteristic form of Theorem 1.7 

can also be seen as a family of forms 

$(0W)€^(A B x^)8g 

satisfying the compatibility conditions. 

Since L is a multiplicative bundle we have 

$(0) =dj] + uj 

where the forms 77 and uj are compatible sequences 77 = {?/")} and uj = {a/™)} 
of differential forms with u G F r tif R (%.) and rj G 

The connection 9 is the pullback of a connection 0;/ #> on [/.. by a map ^ 
as in Theorem 1.8. Let A be a subring of the complex numbers C, and assume 
that <£> corresponds under the Chern-Weil map to a A- valued cohomology class. 

For every n the inclusion i n : B n , — > B„ induces isomorphisms in coho- 
mology since ||B n «|| is homotopy equivalent to the classifying space BG of G. 
We also have that i* n 6\j.. = 0t/„. for every n. Since the form 3>(0[/ n .) repre- 
sents the class of $ by Theorem 1.7, and <&(#£/••) = &(6u n .), we have that 
the form <&(0j/..) G il dR (B„) represents the class of $. Then it follows that 
there exist a compatible cocycle c G C 2k (£>..; A) and a compatible cochain 
v G C 2k ^ 1 (B„; C) such that we have 

<k> = c - $(6» c/ ..) 

Since 'f'* maps compatible cochains (in the bisimplical sense) to compatible 
chains (in the simplicial sense), the triple £(F) = (^*(c),u>, fy*(v) +77) defines a 
cocycle in the cone complex 

cone{C* A) ® F r fl* dR {^,) -»• C*(Sf.;C)) 

and since w is a form of degree 2fc also a cocycle in the cone complex 

cone(C*(^.;A)®a> 2k F r rt dR (^.) -> C*(Sf.;C)). 

The triple £(F) is a cocycle, because we have d^*c = ^*Sc = 0. Since c is a 
cocycle, we have that dcu = d$(0) + d 2 ry = 0, and also 

S^* v = y*6v = **(c - &(9u..)) = **c - $(0) = **c - (u + drj). 
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The class of £(T) is independent of the choices of c and v: If c' and v' 
are other choices, we must have c — c' = 5u and Su = S(v — v'). Then, since 
H 2k ~ 1 (\\B„ ||; C) is trivial, there exists a compatible cochain w such that 5w = 
u + (v — v'). If £'(T) is the cocycle obtained from the different choice, then 
S(r) - e'(r) = (**Ju, 0, tf *(v - v')) = d(tf *u, 0, tf'iu). 

Hence for 2r — m = 2k we can define the class of the multiplicative bundle 
(P,, 8, -q) in the multiplicative cohomology group MH^(<£,,A, F) to be the class 
of £(T). Similarly the class of (P., 6, rj) in H^' 1 ^.; C/A; J") is the class of the 
triple £(r). 

Proposition 4.1. T/ie classes constructed above are characteristic classes of 
elements of M '(£?.; F) . 

Proof. The naturality follows from the construction. We show that for two 
isomorphic multiplicative bundles V — (P,,8, i]) and T' — (P^, 0', -q') the cocycles 
£(r) and £(T') are cohomologous. We can assume P. = P^, and write $(0) = 
uj+df] and $(0') = uj'+dr]' with gj, u' G F r O^(%). Since the two multiplicative 
bundles are isomorphic we have 

rf -r ] = e 1 {^;e,6') + a + dp 

with a e F r Q 2 d k R 1 ^,). It follows that 

u/-w = d(ei($; 0, 0') - (f,' - r?)) = -d((T + dp). 

Let it' be the map pulling back V given by Theorem 1.8 and let c',v' be the 
cochains used in the construction for the characteristic cycle £(T'). Then 

£(r') -f(T) = (tf'V - **c,w' -w.tf'V - **« + 0i(*;fl,fl') + ^ + dp) 

is cohomologous to the triple ( = (*'V - **c, 0, *'V - **w + 6i($;0,0')) 
since the two differ only by the coboundary of (0, — a, p). We can choose d = c 
and v' = v + 6i(<I>; 0u»»,0' u%% ), where 0' Ut , is the connection pulling back to 0' 
under ty'* given by Theorem 1.8. Hence we have, using the naturality of the 
first transgression form, 

C = (tf'-c - **c, 0, $'*v - V*v + 6i($; *'*6u„, 0') + 6i($; 0, 6')). 

Proposition 3.2 now implies that 

0i($; **0u.., *'*6u..) + d6 2 ($; **0t,.„ tf'*^.., 0') = 
0i($; *'*0cr.., + f*0t/.., 0')- 

But \I>' and \& are homotopic, so there is a chain homotopy H between the 
induced cochain maps and using H we can write ( as 

(SHc, 0, SHv + HSv + 0i($; **^.„ *'*0[/..) + d6 2 ($; **0 a .., *'*0t/.., 0'))- 

Therefore C is cohomologous to (SHc,0,HSv + 0i($; **0j/.., *'*0(7..)), and 
since the transgression forms ©i(-;-,-) are compatible with chain homotopies 
(see [DHZ], appendix A), the former cocycle is cohomologous to 

(SHc, 0, HSv + H$(0u..)) = d(Hc, 0, 0) 

because He = H(Sv + <&(0[/..)). □ 
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